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CUSPIDAL REPRESENTATIONS WHICH ARE NOT STRONGLY
CUSPIDAL
ALEXANDER STASINSKI
Abstrat. We give a desription of all the uspidal representations of GL4(o2)
in the sense of [1℄. This shows in partiular the existene of representations
whih are uspidal, yet are not strongly uspidal, that is, do not have orbit
with irreduible harateristi polynomial mod p. As was shown in [1℄, this
phenomenon annot our for GLn, when n is prime.
Aknowledgement. This paper will appear in modied form as an appendix to a
forthoming version of [1℄. I wish to thank U. Onn for omments whih led to
simpliations of the exposition, and for explaining the idea that uspidal repre-
sentations of GL2(Fq2) should give rise to uspidal representations of GL4(o2) in
the funtion eld ase.
1. Preliminaries and redutions
Reall the notation of [1℄ regarding the groups Gλ, and the denitions of geo-
metri/innitesimal indution, and uspidality. We onsider an arbitrary loal eld
F with ring of integers o, maximal ideal p, and nite residue eld Fq. Let n = 4
and k = 2, and put G := G24 ∼= GL4(o2), where o2 = o/p
2
. If π is a uspidal
representation of G, then by [1℄, Proposition 4.4 it is primary, that is, its orbit in
M4(Fq) onsists of matries whose harateristi polynomial is of the form f(X)
n
,
where f(X) is an irreduible polynomial. If n = 1, then π is strongly uspidal (by
denition), and suh representations were desribed in [1℄, Set. 5. On the other
hand, f(X) annot have degree 1, beause then it would be innitesimally indued
from G(2,13), up to 1-dimensional twist (f. the end of the proof of Theorem 4.3
in [1℄). We are thus redued to onsidering representations whose harateristi
polynomial is a reduible power of a non-linear irreduible polynomial. In the situ-
ation we are onsidering, there is only one suh possibility, namely the ase where
f(X) is quadrati, and n = 2. Let η denote an element whih generates the ex-
tension Fq2/Fq. We onsider M2(Fq2) as embedded in M4(Fq) via the embedding
Fq2 →֒ M2(Fq), by hoosing the basis {1, η} for Fq2 over Fq. Rational anonial
form implies that in M4(Fq) there are two onjugation orbits with two irreduible
2 × 2 bloks, one regular, and one whih is not regular (we shall all the latter
irregular), represented by the following elements, respetively:
β1 =
(
η 1
0 η
)
, β2 =
(
η 0
0 η
)
,
Therefore, any irreduible uspidal non-strongly uspidal representation of G has
exatly one of the elements β1 or β2 in its orbit.
Denote by K1 the kernel of the redution map G = G24 → G14 . In the following
we will let ψ be a xed non-trivial additive harater on o with ondutor p2. Then
1
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for eah β ∈M4(Fq) we have a harater ψβ : K1 → C
×
dened by
ψβ(x) = ψ(Tr(β(x − 1))).
The group G ats on its normal subgroup K1 via onjugation, and thus on the set
of haraters of K1 via the oadjoint ation. For any harater ψβ of K1, we write
G(ψβ) := StabG(ψβ).
By Proposition 2.3 in [3℄, the stabilizer G(ψβ) is the preimage of the entralizer
CG14 (β), under the redution mod p map.
By denition, an irreduible representation π of G is uspidal i none of its 1-
dimensional twists π ⊗ χ ◦ det has any non-zero vetors xed under any group Ui,j
or Uλ→֒24 , or equivalently (by Frobenius reiproity), if π⊗χ◦det does not ontain
the trivial representation 1 when restrited to Ui,j or Uλ→֒24 . The groups Ui,j are
analogs of unipotent radials of (proper) maximal paraboli subgroups of G, and
Uλ→֒24 are the innitesimal analogs of unipotent radials (f. [1℄, Set. 3). Note
that sine IndGUi,j 1 = Ind
G
Ui,j (1⊗ χ ◦ det) = (Ind
G
Ui,j 1)⊗ χ ◦ det, for any harater
χ : o×2 → C
×
, a representation is a subrepresentation of a geometrially indued
representation if and only if all its one-dimensional twists are.
In our situation, that is, for n = 4 and k = 2, there are three distint geo-
metri stabilizers, P1,3, P2,2, and P3,1 with unipotent radials U1,3, U2,2, and
U3,1, respetively. Thus a representation is a subrepresentation of a geometri-
ally indued representation if and only if it is a omponent of IndGUi,j 1, for some
(i, j) ∈ {(1, 3), (2, 2), (3, 1)}. Furthermore, there are three partitions, written in
desending order, whih embed in 24 and give rise to non-trivial innitesimal in-
dution funtors, namely
(2, 13), (22, 12), (23, 1).
Thus a representation is a subrepresentation of an innitesimally indued represen-
tation if and only if it is a omponent of IndGU
λ →֒24
1, for some partition λ as above.
Beause of the inlusions
U(2,13)→֒24 ⊂ U(22,12)→֒24 ⊂ U(23,1)→֒24 ,
an irreduible representation of G is a omponent of an innitesimally indued
representation if and only if it is a omponent of IndGU(2,13) →֒24 1.
Lemma 1.1. Suppose that π is an irreduible representation of G whose orbit on-
tains either β1 or β2. Then π is not an irreduible omponent of any representation
geometrially indued from P1,3 or P3,1. Moreover, no 1-dimensional twist of π is
an irreduible omponent of an innitesimally indued representation.
Proof. If π were a omponent of IndGU1,3 1, then 〈π|U1,3 ,1〉 6= 0, so in partiular
〈π|K1∩U1,3 ,1〉 6= 0, whih implies that π|K1 ontains a harater ψb, where b = (bij)
is a matrix suh that bi1 = 0 for i = 2, 3, 4. This means that the harateristi
polynomial of b would have a linear fator, whih ontradits the hypothesis. The
ase of U3,1 is treated in exatly the same way, exept that the matrix b will have
b4j = 0 for j = 1, 2, 3. The ase of innitesimal indution is treated using the
same kind of argument. Namely, if π were a omponent of IndGU(2,13) →֒24 1, then
U(2,13)→֒24 ⊂ K1 and 〈π|U(2,13) →֒24 ,1〉 6= 0, whih implies that π|K1 ontains a
harater ψb, where b = (bij) is a matrix suh that b1j = 0 for j = 1, . . . , 4. A 1-
dimensional twist of π would then ontain a harater ψaI+b, where a is a salar and
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I is the identity matrix. The matrix aI + b has a linear fator in its harateristi
polynomial, whih ontradits the hypothesis. 
We now onsider in order representations whose orbits ontain β1 or β2, respe-
tively. In the following we will write P¯2,2 and U¯2,2 for the images mod p of the
groups P2,2 and U2,2, respetively.
2. The regular uspidal representations
Assume that π is an irreduible representation of G whose orbit ontains β1.
Sine β1 is a regular element, the representation π an be onstruted expliitly as
an indued representation (f. [3℄). In partiular, it is shown in [3℄ that there exists
a 1-dimensional representation ρ of G(ψβ1) (uniquely determined by π) suh that
ρ|K1 = ψβ1 , and suh that
π = IndGG(ψβ1)
ρ.
Proposition 2.1. The representation π is uspidal if and only if ρ does not ontain
the trivial representation of G(ψβ1) ∩ U2,2.
Proof. Lemma 1.1 shows that π is uspidal if and only if it is not a omponent of
IndGU2,2 1. By Makey's intertwining number theorem (f. [2℄, 44.5), we have
〈π, IndGU2,2 1〉 = 〈Ind
G
G(ψβ1)
ρ, IndGU2,2 1〉 =
∑
x∈G(ψβ1)\G/U2,2
〈ρ|G(ψβ1)∩xU2,2 ,1〉,
so this number is zero if and only if 〈ρ|G(ψβ1)∩xU2,2 ,1〉 = 0 for eah x ∈ G. Assume
that π is uspidal. Then in partiular, taking x = 1, we have 〈ρ|G(ψβ1)∩U2,2 ,1〉 = 0.
Conversely, assume that π is not uspidal. Then 〈ρ|G(ψβ1)∩xU2,2 ,1〉 6= 0, for
some x ∈ G, and in partiular, 〈ρ|K1∩xU2,2 ,1〉 = 〈ψβ1 |K1∩xU2,2 ,1〉 6= 0. Write x¯ for
x modulo p. Now ψβ1 |K1∩xU2,2 = ψβ1 |x(K1∩U2,2), and ψβ1(
xg) = ψx¯−1β1x¯(g), for any
g ∈ K1 ∩ U2,2. Let x¯
−1β1x¯ be represented by the matrix(
A11 A12
A21 A22
)
,
where eah Aij is a 2 × 2-blok. Then from the denition of ψx¯−1β1x¯ and the
ondition ψx¯−1β1x¯(g) = 1, for all g ∈ K1 ∩ U2,2, it follows that A21 = 0; thus
x¯−1β1x¯ ∈ P¯2,2.
Sine x¯−1β1x¯ is a blok upper-triangular matrix with the same harateristi poly-
nomial as β1, we must have A11 = B1ηB
−1
1 , A22 = B2ηB
−1
2 , for some B1, B2 ∈
GL2(Fq). Then there exists p ∈ P¯2,2 suh that
(x¯p)−1β1(x¯p) =
(
η B
0 η
)
,
for some B ∈M2(Fq) (in fat, we an take p =
(
B−11 0
0 B−12
)
). Levi deomposition of
β1 and (x¯p)
−1β1(x¯p) implies that the semisimple parts (x¯p)
−1
( η 0
0 η
)
(x¯p) and
( η 0
0 η
)
are equal, that is, x¯p ∈ CG14 (
( η 0
0 η
)
) = GL2(Fq2). Now, in GL2(Fq2), the equation
(x¯p)−1β1(x¯p) =
(
η B
0 η
)
implies that x¯p ∈ ( ∗ ∗0 ∗ ) ⊂ P¯2,2, so x¯ ∈ P¯2,2, and hene
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x ∈ K1P2,2. The fats that U2,2 is normal in P2,2, and that 〈ρ|G(ψβ1)∩xU2,2 ,1〉 only
depends on the right oset of x modulo K1 then imply that
0 6= 〈ρ|G(ψβ1)∩xU2,2 ,1〉 = 〈ρ|G(ψβ1 )∩U2,2 ,1〉.

The preeding proposition shows that we an onstrut all the uspidal rep-
resentations of G with orbit ontaining β1 by onstruting the orresponding ρ
on G(ψβ1). Sine ψβ1 is trivial on K1 ∩ U2,2, we an extend ψβ1 to a harater of
(G(ψβ1)∩U2,2)K1, trivial onG(ψβ1)∩U2,2. Then ψβ1 an be extended to a harater
ψ˜β1 on the whole of G(ψβ1), suh that ψ˜β1 is trivial on G(ψβ1) ∩ U2,2 (this ini-
dentally shows that there exist irreduible non-uspidal representations of G whose
orbit ontains β1). Now let θ be a representation of G(ψβ1) obtained by pulling
bak a representation of G(ψβ1)/K1 that is non-trivial on (G(ψβ1 ) ∩ U2,2)K1/K1.
Then ρ := θ⊗ ψ˜β1 is non-trivial on G(ψβ1) ∩ U2,2, and all suh representations are
obtained for some θ as above.
Proposition 2.1 shows that there is a anonial 1-1 orrespondene between
irreduible representations of G(ψβ1) whih ontain ψβ1 and are non-trivial on
G(ψβ1) ∩ U2,2, and uspidal representations of G with β1 in their respetive or-
bits. We shall now extend this result to uspidal representations whih have β2 in
their respetive orbits, and thus over all uspidal representations of G.
3. The irregular uspidal representations
Assume now that π is an irreduible representation of G whose orbit ontains
β2. Although β2 is not regular, it is strongly semisimple in the sense of [4℄, Deni-
tion 3.1, and thus π an be onstruted expliitly in a way similar to the regular
ase. More preisely, Proposition 3.3 in [4℄ implies that there exists an irreduible
representation ψ˜β2 of G(ψβ2), suh that ψ˜β2 |K1 = ψβ2 , and any extension of ψβ2
to G(ψβ2) is of the form ρ := θ ⊗ ψ˜β2 , for some irreduible representation θ pulled
bak from a representation of G(ψβ2)/K1. Then
π = IndGG(ψβ2)
ρ
is an irreduible representation, any representation of G with β2 in its orbit is of
this form, and as in the regular ase, ρ is uniquely determined by π. We then have
a result ompletely analogous to the previous proposition:
Proposition 3.1. The representation π is uspidal if and only if ρ does not ontain
the trivial representation of G(ψβ2) ∩ U2,2.
Proof. The proof of Proposition 2.1 with β1 replaed by β2, goes through up
to the point where (under the assumption that π is not uspidal) we get x¯p ∈
CG14 (
( η 0
0 η
)
) = G(ψβ2)/K1. It then follows that x ∈ G(ψβ2)P2,2, and sine U2,2 is
normal in P2,2, and 〈ρ|G(ψβ2)∩xU2,2 ,1〉 only depends on the right oset of x modulo
G(ψβ2), we get
0 6= 〈ρ|G(ψβ2)∩xU2,2 ,1〉 = 〈ρ|G(ψβ2 )∩U2,2 ,1〉.

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